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1. W $\mathrm{H}\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{S}[8]$ end ( ) : , $W$ Riemann
compact , W $(\neq\emptyset)$ ,
W 1 . W \partial W $0$
$\mathcal{P}(W)$ :
$\mathcal{P}(W)=\{u\in C(\overline{W}) : \triangle u=0, u\geq 0, u|\partial W=0\}$ .
$h\in P(W)-\{0\}$ minimal , $0\leq u\leq h$ $u\in P(W)$
$u=ch$ $c\geq 0$ . $a\in$ W , $Q(W;a)=\{h\in$
$P(W)$ : minimal, $\cdot h(a)=1\}$ . $Q(W,. a)$ #Q(W; $a$ ) W
, $\dim P(W)$ :
$\dim \mathcal{P}(W)=\neq Q(W;a)$ .
, $\mathrm{d}\mathrm{i}\mathrm{I}\mathrm{n}\mathcal{P}(W)$ $a$ . end , $W=\{0<|z|<$
$1\}(\partial.W=\{|z|=1\})$ . , $P(W)=\{.c\log(1/|z.|). : c\geq 0\}$ , $\dim P(W)=1$
.
W Martin W $\partial W$ – . ,
W Martin \Delta $=\triangle^{W}$ , W Martin compact
$W^{*}$ $W^{*}=W\cup\partial W\cup\triangle.\text{ }$ . \Delta minimal $\triangle_{1}=\triangle_{1}^{W}.$
., Martin
(1) $\dim P(W)=\neq\triangle_{1}$
([3, CN-CR] ). , $1\leq\dim \mathcal{P}(W)\leq\aleph$ . $\dim P(W)=n(n\in$
N), $\dim P(W)=\aleph_{0}$ $\dim \mathcal{P}(W)=\aleph$ W ([8,HE],
$[9,\mathrm{K}\mathrm{R}],$ $[15,\mathrm{S}\mathrm{E}],$ [ $14,\mathrm{N}\mathrm{K}- \mathrm{s}_{\mathrm{A}]},$ $[7,\mathrm{C}\mathrm{N}- \mathrm{c}_{\mathrm{R}}]$ ).
2. $D=\{0<|z|<1\}$ . , $D$ , $\partial D=\{|z|=1\}$
, end , 1 . , $D$ $m$
end $\text{ }$ . $.\{0<|z|\leq. \infty\}$ $m$ $(1 <m<\infty)$
1 Riemann $R$ . $R$ R $\{0<|z|\leq\infty\}$
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\mbox{\boldmath $\pi$} , $W=\pi^{-1}(D)$ , $W$ end . end $W$ $\mathcal{E}_{m}$
. $W\in \mathcal{E}_{m}$
(2) $1\leq\dim P(W)\leq m$
([8,HE]).
$0<b_{n+1}<a_{n}<b_{n}<1,$ $\lim_{narrow\infty}a_{n}=0$ $\{a_{n}\},$ $\{b_{n}\}$
$G=D-\cup^{\infty}[n=1n]a_{n},b$
. $G$ copy $G_{1},$ $\cdots,$ $G_{m}$ , Gi $\bigcup_{n=1}^{\infty}[a_{n},$ $bn|$ $G_{i+1}$ $\bigcup_{n=1}^{\infty}[a_{n}, b_{n}]$
$(\mathrm{m}\mathrm{o}\mathrm{d}. m)$ $D$ $m$ $V$ , $V\in \mathcal{E}_{m}$
. V ([15, $\mathrm{s}\mathrm{E}]$ , [12,M-SE], $[11,\mathrm{M}]$ ).
1. (i) $z=0$ $G$ , $\dim \mathcal{P}(V)=m$ .
(ii) $z=0$ $G$ , $\dim P(V)=1$ .
$[15],[12],[11]$ , $G$ $V$
$\{G_{1}, \cdots, G_{m}\}$ transitive .
, $G$ 1
. , . ,
$\mathcal{E}_{m}$ end ( 2) ,
1 ( 3,4 5) .
3. 2 . Riemann $F$ , F $s$ $F$
$E$ , balayage $F\hat{R}_{S}E$
$F \hat{R}_{s}E(Z)=\lim_{(arrow z}\inf\inf$ { $u(\zeta)$ : $u$ F E $u\geq s$ }
(balayage , [1,BL-HA], $[2,\mathrm{B}\mathrm{R}],$ $[5,\mathrm{H}\mathrm{L}]$ ).
, ([12,M-SE] ).
1. $\tilde{F}$ Riemann $F$ , \mbox{\boldmath $\pi$} $\tilde{F}$ $F$ . , F
$E$ F $s$ ,
(3) $\overline{F}\hat{R}_{s}^{\pi_{\mathrm{O}\pi}^{-}}(1E)=^{F}\hat{R}_{s}^{E}0\pi$ .
, thinness minimal thinness ([2, $\mathrm{B}\mathrm{R}]$ ).
1. $\mathrm{C}$ E $a(\in \mathrm{C})$ thin $\text{ }F\hat{R}_{g_{a}}E\neq g_{a}$ ,
, $F=\{|z-a|<1\},g_{a}(z)=\log(1/|z-a\vee|)$ . , $N(\subset. \mathrm{C})$ $a$
a\in N $\mathrm{C}$. –N $a$ thin .
R Riemann , R Martin minimal $\triangle_{1}(R)$ . R
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Martin compact $R^{*}$ $p$ , $p$ R Mar.tin $k_{p}$ .
2. R $E\text{ }p\in(\triangle_{1}(R))$ minimally thin $\text{ }R\hat{R}_{kP}^{E}\neq$ k,
. , R $N$ , $N\cup\{p\}$ $P$ minimal
R–N $P$ minimally thin .
thinness minimal thinness
( $[6,\mathrm{N}\mathrm{A}]$ ).
2. 1( 2) , E $a$ ( $p$ ) thin ( minimally thin)
, $F-E$ ( $R-E$) 1 component $F\hat{R}_{\mathit{9}a}E<g$. $(\text{ }R\hat{R}^{E}k_{p}..<k_{p})$
. .
$W(\in \mathcal{E}_{m})$ , W D $\pi_{W}$ . $M\cup\{0\}$ $z=0$
$D$ $M$ $\mathcal{M}$ . $W(\in \mathcal{E}_{m})$ $M(\in \mathcal{M})$ , $\pi_{W}^{-1}(M)$ component
$n_{W}(M)$ . , W $\dim \mathcal{P}(W)$ :
2. $W\in \mathcal{E}_{m}$ , $\dim P(W)=_{M\in}\max_{\mathcal{M}}nW(M)$ .
1 2 , 2 (2) .
1. $\grave{W}\in \mathcal{E}_{m}$ . $nw(M)=m$ $M(\in\overline{\mathcal{M}})$ $\dim P(W)=m$ .
2. $W\in \mathcal{E}_{m}$ . $M(\in \mathrm{A}4)$ $n_{W}(M)=1$ $\dim \mathcal{P}(W)=1$
.
4. 2 , 3, 4 . 1 $W\in \mathcal{E}_{m}1$ Martin
compact $W\cup\partial W\cup\triangle_{1}^{W}$ . , $\pi=\pi_{W},$ $g(z)=\log\overline{|z|}$ $\langle$ .
3. $p_{1}$ $\triangle_{1}^{W}$ 1 , N W $N\cup\{p_{1}\}$ $p_{1}$ minimal
. , $\pi(N)\in \mathcal{M}$ .
. (1) (2) , $\triangle_{1}^{W}=\{p_{1}, \cdots,p_{n}\}(n\leq m)$ . $p_{i}$ W Martin
. 2 , N
(4) $W\hat{R}_{k_{1^{-}}}WN<k1$
. , $g\circ\pi\geq ck_{i}$ $c>0$ .
Martin ,
(5) $g \circ\pi=\sum c_{i}k_{i}i=1^{\cdot}$
$c_{1},$ $\cdots,$ $c_{n}$ . (3) balayage
$D \hat{R}_{\mathit{9}}D-\pi(N)_{\circ=}W\hat{R}_{\mathit{9}}^{W(\pi(}\pi\leq 0\pi\hat{R}^{W- N}-\pi^{-}1N))Wg\circ\pi=\sum_{i=1}ci^{W}\hat{R}^{W-}N\leq\sum_{=1}^{n}k_{i}=niC_{ii}kg\mathrm{o}\pi$.
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, (4) , N
$D\hat{R}_{\mathit{9}^{-}}D\pi(N)_{\mathrm{O}}\pi<g\mathrm{o}\pi$ ,
, $\pi(N)^{\text{ }}D\hat{R}_{g}^{D}-\pi(N)<g$ . D balayage $\{|z|<1\}$ balayage
, \mbox{\boldmath $\pi$}(N) $\cup\{0\}$ $z=0$ , $\pi(N)\in \mathrm{A}4$
4. $M\in \mathcal{M}$ . , $\pi^{-1}(M)$ $N$ , $p(\in\triangle_{1}^{W})$
$N\cup\{p\}$ $P$ minimal .
. 3 , $\triangle_{1}^{W}=\mathrm{t}_{P1,Pn}\ldots,$ } (5) $c_{1},$ $\cdots,$ $c_{n}$
. 2 , $M\text{ }\hat{R}_{\mathit{9}}D-M<g$ . , (3),(5) $\pi^{-1}(M)$
$\sum_{i=1}c_{i^{W}}\hat{R}_{k}^{W-}.\cdot\pi^{-1}(M)WW-\pi-1=\hat{R}_{g}(M)0\pi=^{D}\hat{R}_{g}^{DM}-0\pi<g\mathrm{o}\pi=\sum_{i=1}C_{ii}k\prime u$
. , $N\text{ ^{}W}\hat{R}_{k_{\nu}}^{W\pi^{-1}(M)}-\neq k_{\nu}$ \nu $\in\{1, \cdots, n\}$ . - ,
balayage , $N\text{ ^{}W}\hat{R}_{k_{\nu}}^{W\pi^{-1}(M)}-=W\hat{R}_{k_{\nu}}W-N$ . , N
$W\hat{R}_{k_{\nu}}^{W-N}\neq k_{\nu}$ , , $N\cup\{p_{\nu}\}$ $p_{\nu}$ minimal $\square$
2 . , $\dim \mathcal{P}(W)=n$ . (1) , $\triangle_{1}^{W}=\{p_{1}, \cdots,p_{n}\}$ .
$p_{i}$ Ni $\cup\{p_{i}\}$ p’ minimal $W$ $N_{1},$ $\cdots,$ $N_{n}$
. 3 $\pi(N_{i})\in \mathcal{M}$ , in$=1\pi(N_{i})$ $\cup\{0\}$ $0$
. $\pi(\bigcup_{i=1}^{n}\partial Ni)$ $0$ thin , 2 in$=1\pi(N_{i})$ $- \pi(\bigcup_{i=1}^{n}\partial Ni)$
component M $M\in \mathcal{M}$ . , $i$ $O_{i}\subset N_{i}$
$\pi^{-1}(M)$ component O, . $O_{1},$ $\cdots,$ $O_{n}$ ,
$n_{W}(M)\geq n,$ $\text{ }\max_{J}nw(M\in \mathrm{t}rM)\geq\dim \mathcal{P}(W)$ .
, $M\in \mathcal{M}$ $m=nw(M)$ \mbox{\boldmath $\pi$}-1 $(M)$ $\{N_{1}, \cdots, N_{m}\}$
. 4 , $N_{i}\cup\{p_{i}\}$ minimal $\in\triangle_{1}^{W}$
. $N_{1},$ $\cdots,$ $N_{m}$ , $p_{1},$ $\cdots,p_{m}$ $\#\triangle_{1}^{W}\geq m$ ,
(1) $\dim P(W)\geq m$ . $M$ $\dim P(W)\geq M\in\Lambda\max nw4(M)$
5. , $\mathcal{E}_{m}$ end 1 $V$ – , 2(
1 2) .
$\{I_{n}\}_{1}\leq n<\infty$ $\{J_{n}\}_{1}\leq n<\nu(1\leq\nu\leq\infty)$ $D$
$z=0$ ,
$I= \bigcup_{n=1}^{\infty}I_{n}$ , $J= \bigcup_{n=1}^{\nu}J_{n}$ , $S=D-I-J$
. , 2 $W(\in \mathcal{E}_{m})$ (I, $J$ ) :
(i) W $J_{n}$ , $m-1$
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W ,
(ii) $W-\pi_{W}^{-1}(I\cup J)=S_{1}\cup\cdots\cup S_{m}$ (disjoint union, $S_{1}.\cdots,$ $S_{m}$ IS $S\text{ }$ copy).
, $\mathcal{F}_{m}(I, J)$ end . :
3. $W\in \mathcal{F}_{m}(I, J)$ . $I\cup J$ $z=0$ thin , $\dim \mathcal{P}(W)=m$ .
[12,M-SE] , 1
. , 3 1 (i) .
3 . $S=D-I-J$ $\mathcal{M}$ , (ii) $nw(S)=m$ .
, 1 $\dim P(W)=m$ $\square$
$\{\arg z=\alpha\}$ $l_{\alpha}$ . , thin thick .
4. $W\in F_{m}(I, J),$ $I\subset l_{\alpha}$ . , $I$ $z=0$ thick $J$ $z=0$
thin , $\dim P(W)=1$ .
$J=\emptyset,$ $\alpha=0$ , 1 (ii) . 4 5
( , [5, $\mathrm{H}\mathrm{L}]$ ).
5. $D$ $E$ $E’=\{|z| : z\in E\}$ . , $E$ $z=0$ thin
$E’$ $z=0$ thin .
4 . $\alpha=0$ – . 2 , $M\in \mathcal{M}$ $nw(M)=$
$1$ , $\pi_{W}^{-1}(M)$ , . $E=(D-M).\cup J$ , $D-M$ $J$
$z=0$ thin $E$ $z=0$ thin . , 5 E’ $z=0$
thin . I–E’ $z=0$ thick . , $r\in I-E’$ r
. $C=$ { $=r$ } , $C\subset M,$ $C\cap J=\emptyset$ C\cap I 1
. $C\subset M$ $\pi_{W}^{-1}(C)\subset\pi_{W}^{-1}(M)$ . , $C\cap J=\emptyset$ , C\cap I
1 $(\mathrm{i})$ ( $I_{n}$ $m-1$ )
, $\pi_{W}^{-1}(C)$ (cf. e.g. [13,M-SE]). $\pi_{W}^{-1}(C)\subset\pi_{W}^{-1}(M)$
$M$ $\pi_{W}^{-1}(C)$ $\pi_{W}^{-1}(M)$ . , M
, $\pi_{W}^{-1}(M)$ 2 $a,$ $b$ $\pi_{W}^{-1}(C’)$ $M$ .
, $\pi_{W}^{-1}(C)$ $a$ $b$ $M$ $\square$
5. $W\in \mathcal{F}_{m}(I, J),$ $I\subset l_{\alpha}$ , $J\subset D-\{|\arg\approx-\alpha|<\epsilon\}$ \epsilon
. , $I$ $l_{\alpha}-I$ $z=0$ thick , $\dim P(\mathrm{I}\cdot \mathfrak{s}^{Y}-)=1$ .
, “ $l_{\alpha}-$ $Ii^{\grave{\dot{\mathrm{a}}}}z=0$ thick” .
5 $\mathrm{D}\mathrm{e}\mathrm{n}\mathrm{y}[4,\mathrm{D}|$ .
6. U $z=0$ . , $\{|z|=1\}$ polar Z
: $l_{\theta}\cap Z=\emptyset$ $l_{\theta}$ , $l_{\theta}\cap\{|z|<\rho\}\subset U$
\rho =\rho \theta .
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5 . $\alpha=0$ – . , $M\in$
$\mathcal{M}$ $\pi_{W}^{-1}$ $(M)$ . 6 , $l_{\beta}\cap\{|z|<\rho\}\subset M$ ,
$l_{\gamma}\cap\{|z|<\rho\}\subset$ M -\epsilon $<\beta<0<\gamma<\in$ \rho$(>0),$ $\beta$ , \mbox{\boldmath $\gamma$} . 5 ,
$\{|z| : z\in D-M\}$ $z=0$ thin . , $0<t<s<\rho,$ $s\in I,$ $t\in l_{0}-I$
$\{|z|=s\}\cup\{|z|=i\}\subset M$ $s,$ $t$ .
$C=\{se^{i\theta} : \beta<\theta<\gamma\}\cup\{re^{i\beta} : t\leq r\leq s\}\cup\{te^{i\theta} : \beta<\theta<\gamma\}\cup\{re^{i\gamma} : t\leq r\leq s\}$
, $C$ $M$ $\pi_{W}^{-1}(C)\subset\pi_{W}^{-1}(M)$ . , $\beta,$ $\gamma,$ $s,$ $t$
(i) , $\pi_{W}^{-1}(C)$ . $\pi_{W}^{-1}(C)\subset\pi_{W}^{-1}(M)$ $M$
$\pi_{W}^{-1}(C)$ $\pi_{W}^{-1}(M)$ , 4
6. 2 , $W\in \mathcal{E}_{m}$ $1\leq \mathrm{d}\mathrm{i}\mathrm{n}\mathrm{u}\mathcal{P}(W)\leq m$ . , 1
$\dim \mathcal{P}(W)=1$ $m$ $W\in \mathcal{E}_{m}$ . , 2 1
, $1<n<m$ $n$ , $\dim \mathcal{P}(W_{n})=n$ end $W_{n}\in \mathcal{E}_{m}$
.
, $\mathcal{E}_{1}=\{D\}$ . 1 $\dim \mathcal{P}(D)=1$ , $\dim P(V_{1})=n-1$
end $V_{1}\in \mathcal{E}_{n-1}$ $\dim \mathcal{P}(V_{2})=1$ end $V_{2}\in \mathcal{E}_{m-n+1}$ . $D$
$\{I_{j}\}_{i=}^{\infty}1$ $I= \bigcup_{i=}^{\infty}I1j$ $z=0$ thin $\text{ }\pi_{V}-1(1I)$ ( $\pi_{V_{2}}^{-1}(I)$ )
$V_{1}$
.
( $V_{2}$ ) . , $V_{1}$ ( $V_{2}$ ) $I_{1j}$ (
$I_{2j}$ ) $\text{ }\pi \mathrm{v}_{1}$ $(I_{1j})=I_{j}$ ( $\pi\eta$ $(I_{2j})=I_{j}$ ) , $V_{1}$ , $\cup^{\infty}$ I$j=1$ l $j$
$\bigcup_{j=1}^{\infty}I_{2}j$ $D$ $W_{n}$ , $W_{n}\in \mathcal{E}_{m}$
. $\dim \mathcal{P}(W_{n})=n$ . 2 $n_{V_{1}}(M)=nn-l$ $M\in \mathcal{M}$
. $It\mathrm{h}z=0$ thin , M–I M’ $M’\in \mathcal{M}$
. $nv_{1}(M’)=n-1$ $nv_{2}(M’)=1$ , $n_{W_{n}}(M’)=n$
. , 2 dimP$(W_{n})\geq n$ . , 2 $M\in \mathcal{M}$
$n_{V_{1}}(M)\leq n-1$ $nv_{2}(M)=1$ , $nw_{n}(M)\leq n$ . ,
2 $\dim P(W_{n})\leq n$ .
References
$[^{*}]$ Potential
$[1,\mathrm{B}\iota- \mathrm{H}\mathrm{A}]$ J. BLIEDTNER AND W. HANSEN, Potential Theory, Springer, 1986.
$[2,\mathrm{B}\mathrm{R}]$ M. BRELOT, On Topologies and Boundaries in Potential Theory, Lecture Notes in Math.
175(1971), Springer.
$[3,\mathrm{C}\mathrm{N}- \mathrm{c}_{\mathrm{R}}]$ C. CONSTANTINESCU AND A. CORNEA, Ideale R\"ander der Riemannscher $F\iota_{\ddot{a}}Chen$ ,
Springer, 1963.
108
$[4,\mathrm{D}]$ J. DENY, Un th\’eor\‘eme sur les ensembles effil\’es, Ann. Univ. de Grenoble, Sect. sci. Math.
Phys., 23(1948), 139-142,
$[5,\mathrm{H}\mathrm{L}]$ L. HELMS, Introduction to Potential Theory, Wiley-Interscience, 1969.
$[6,\mathrm{N}\mathrm{A}]$ L. $\mathrm{N}\mathrm{A}\mathrm{i}\mathrm{M}$ , Sur le r\^ole de la frontie\’ere de $R.S$. Martin dans la th\’eorie $du$ potentiel, Ann.
Inst. Fourier, 7(1957), 183-281.
$[^{**}]$
$[7,\mathrm{C}\mathrm{N}-\mathrm{c}_{\mathrm{R}}]$ C. CONSTANTINESCU AND A. CORNEA, $\tilde{U}ber$ einige Probleme von M. Heins,Rev.
Roumaine Math. Pures Appl., 4(1959), 277-281.
$[8,\mathrm{H}\mathrm{E}]$ M. HEINS, Riemann surfaces of infinite genus, Ann. of Math., 55(1952), 296-317.
$[9,\mathrm{K}\mathrm{R}]$ Z. KURAMOCHI, An example of a null-boundary Riemann surface, Osaka Math. J.,
6(1954), 83-91. .
$[10,\mathrm{K}\mathrm{s}]$ Y. KUSUNOKI, On Riemann’s period relations on open Riemann surfaces, Mem. Coll.
’
Sci. Univ. Kyoto Ser. A. Math., 21(1956), 1-22. $\mathrm{c}^{\backslash }\backslash \cdot$ .
$.$ . $\cdot$
[11,M] H. MASAOKA, Harmonic dimension of covering surfaces II, Kodai Math. J., 18(1995),
487-493.
[12,M-SE] H. MASAOKA AND S. SEGAWA, Harmonic dimension of covering surfaces, Kodai
Math. J., 17(1994), 351-359. .
[13,M-SE2] H. MASAOKA AND S. SEGAWA, Harmonic dimension of covering surfaces and $\min-$
imal fine neighborhood, preprint.
[ $14,\mathrm{N}\mathrm{K}- \mathrm{s}_{\mathrm{A}]}$ M. NAKAI AND L. SARIO, Harmonic and relative harmonic dimensions, Ann. Acad.
Sci. Fenn., Ser. $\mathrm{A}.\mathrm{I}$ . Math., 10(1985), 419-432.
$[15,\mathrm{S}\mathrm{E}]$ S. SEGAWA, A duality relation for harmonic dimensions and its applications, Kodai
Math. J., 4(1981), 508-514. ..
$[16,\mathrm{S}\mathrm{E}]$ S. SEGAWA, Harmonic dimension and extremal length, Kodai Math. J., 17(1994), 256-
261.
$[17,\mathrm{S}\mathrm{H}]$ H. SHIGA, On harmonic dimensions and $bil\underline{i}near$ relations on open Riemann surfaces,
J. Math. Kyoto Univ., 21(1981), 861-879.
$[^{***}]$ end $\triangle u=Pu$
$[18,\mathrm{H}\mathrm{Y}]$ K. HAYASHI, Les solutions positives de l’\’equation $\Delta u=Pu$ sur une surface de Riemann,
K\={o}dai Math. Sem. Rep., 13(1961), 20-24. .1 1 ’
$[19,\mathrm{K}\mathrm{A}]$ M. KAWAMURA, Picard principle for finite densities on some end, Nagoya Math. J.,
67(1977), 35-40.
[ $20,\mathrm{K}\mathrm{A}- \mathrm{s}_{\mathrm{E}]}$ M. KAWAMURA AND S. SEGAWA, $P$-Harmonic dimensions on ends, Nagoya Math.
J., 132(1993), 131-139.
$[21,\mathrm{N}\mathrm{K}]$ M. NAKAI, Picard principle and Riemann theorem, T\^oh..oku Math. J., 28(1976), 277-.
292. . .
109
